Introduction
This supporting information includes two method descriptions and two additional figures. Section S1 describes our zero-dimensional energy balance model. Section S2 describes how we estimate a for a given GCM, and Section S3 describes how including a CO 2 -dependent feedback influences this estimate, and our estimates of warming generally. Figure S1 demonstrates that higher-order terms become essential to determining warming when the Earth is quadratically unstable, suggesting that in these cases, the Earth's sensitivity may be incredibly difficult to estimate using GCMs. Figure S2 demonstrates what happens when the Earth jumps to a warmer state. Figure S3 shows the effect of feedback CO 2 dependence on estimates of equilibrium warming. Table S1 lists estimates of a for various GCMs with and without accounting for feedback CO 2 dependence.
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Suppose that the preindustrial Earth had T = 287K and C = 270ppm. Since the preindustrial Earth was roughly in equilibrium, this would imply N (287K, 270ppm) = 0W/m 2 . However, suppose we were to instantaneously change the surface and atmosphere to be uniformly 287K. T would still equal 287K, but N would be greatly changednamely, it would be L * (1−α)/4−σ(287K) 4 ≈ −145W/m 2 , implying N (287K, 270ppm) = −145W/m 2 .
More realistically, imagine that we subjected a GCM to two experiments: one in which CO 2 was abruptly doubled from preindustrial conditions (i.e., increased to 540ppm), and one in which CO 2 was abruptly quadrupled (i.e., increased to 1080ppm). Suppose the abrupt doubling resulted in an equilibrium warming of 3K, implying N (290K, 540ppm) = 0W/m 2 . Suppose we paused the abrupt-quadrupling run when its average surface temperature T reached 290K. Given the differential warming of different regions of the Earth, the atmospheric climatology associated with the paused abrupt-quadrupling model would look different than the atmospheric climatology of the finished abrupt-doubling model, even though they both have the same average surface temperature T .
Suppose we were to decrease the CO 2 concentration of the paused abrupt-quadrupling run from 1080ppm to 540ppm. If the resulting TOA energy flux N was nonzero, it would imply N (290K, 540ppm) = 0W/m 2 , giving an example of our first problem -that the same pair of T and C could imply different values of N . If not, N (290K, 540ppm) = 0W/m 2 . However, we would expect that the paused run should not be in a state of internal equilibrium, so that if we were to unpause it, energy would still move around the Earth system, e.g. through ocean heat uptake, which would in turn continue to affect T .
This illustrates the second problem: knowing that N = 0W/m 2 for a given T and C does not guarantee that the Earth is in equilibrium.
If we associate with each T a specific atmospheric climatology, and if we choose these atmospheric climatologies such that when N = 0W/m 2 , the Earth is in equilibrium, we can avoid both of these problems. Therefore, we define N (T, C) in the following way: for each T choose an atmospheric climatology such that there is some CO 2 concentration C for which that atmospheric climatology would be in equilibrium, both internal and externally. Then, calculate the net top-of-atmosphere radiative fluxes that this atmospheric climatology would have if you were to set the CO 2 level to C, but held the atmospheric climatology fixed. Let N be the global annual mean value of those fluxes.
As an example, the preindustrial climate was roughly in equilibrium with C = 270ppm, and had T = 287K. Therefore, to evaluate N (287K, 540ppm), for example, you would take the atmospheric climatology of the preindustrial Earth, set the CO 2 concentration to 540ppm, and then, without letting the system evolve, measure the radiative transfer at the top of the atmosphere over the course of a year. The global annual average of this transfer is our desired N . Presumably, in this case, the value of N (287K, 540ppm) would be close to the forcing F 2x without any adjustments (stratospheric or otherwise).
Suppose we define the "existence and uniqueness condition" as the condition that every T has one and only one atmospheric climatology such that there is some C for which that planet would be in equilibrium. If the existence and uniqueness condition holds, then our definition of N (T, C) creates a well-defined function (each T implies a unique atmospheric climatology, implying a unique N for a given C), solving the first problem. Further, since
for a given T , our definition ensures that N (T, C) is strictly monotonically increasing (e.g.,
is zero only when C is the CO 2 value for which the atmospheric climatology associated with T is in equilibrium. This solves the second problem, since N (T, C) = 0W/m 2 therefore implies the system is in equilibrium.
Generally speaking, the existence and uniqueness condition might not hold, in which case our definition might not solve these two problems. However, since our goal in this paper is to understand the limitations of the linear model of equilibrium warming, i.e. ∆T = −F/λ, our definition needs only hold when the linear model can work, and the linear model can only work when the existence and uniqueness condition holds:
• Since a given forcing F (C) is simply a monotonic function of C, its inverse function
If the Earth is linear, then for a given T , the CO 2 concentration
will be in equilibrium with that T . Therefore, the linear model implies that for every T , there is a C such that that T will be in equilibrium with that C, implying the existence of some atmospheric climatology that could be associated with that T . This implies that if there is no atmospheric climatology associated with a given T for which the Earth could be in equilibrium for some C, the linear model must not hold.
• If there are two atmospheric climatologies associated with a specific T such that there is some C for which these climatologies would be in equilibrium, then either these climatologies would be in equilibrium for the same C, or for different C's. If the C's are different, then it would be possible to change from one C to the other without changing T , are the same, but the climatologies are different, then either there is some different CO 2 concentration C dif f such that measuring the net top-of-atmosphere flux from changing to C dif f without letting the system evolve (i.e. the forcing) would be different for the two models, or there would be no such C dif f .
If there is such a C dif f , these two different climatologies would have different forcings for the same CO 2 increase. For the linear model to hold, the warming caused by the increase to C dif f would have to be the same, because otherwise you could move between the two new T s without changing C, suggesting an infinite sensitivity. As a result, we have different forcings giving us the same temperature increase, once more breaking the linear model.
If there was no such C dif f for which this was the case, the two climatologies would be indistinguishable from each other, and we could just choose one; such a definition of N (T, C) would also solve the two problems presented at the beginning of this section.
To conclude, whenever we would expect the linear model to work, our definition ensures a well-defined N (T, C) for which a zero-valued N implies equilibrium. Therefore, we can use it in our investigation.
Section S2. Adding a CO 2 -dependent feedback
We start by adding a quadratic term representing the CO 2 dependence of the feedback to the quadratic model:
where D is the number of CO 2 doublings (i.e., D ≡ ∆log 2 (C)) and b represents the CO 2 dependence of the feedback (i.e., b ≡ ∂ 2 N/∂T ∂log 2 (C)). Note that we use log 2 (C) as the
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We first show the effects of adding this term on our GCM estimates of a. Instead of regressing model results against Equation 1 from the paper, we regress them against our altered version Equation S1 above. Results for a and b are shown in Table S1 . Only one of the GCMs is affected by more than 0.02W/m 2 /K 2 (CAM3). However, this GCM has only three runs, and has a value of b with a much larger magnitude than any of the other models, suggesting that the small sample size may limit the usefulness of this estimate of a and b.
Our regressions suggest a reasonable range of the feedback CO 2 dependence (b) of roughly ±0.1 W/m 2 /K per doubling, disregarding the outlier associated with the undersampled model. The effect of feedback CO 2 dependence b is qualitatively different than feedback temperature dependence a, because the nonlinearity associated with a positive a is self-amplifying (warming makes you more sensitive, and being more sensitive makes you warm more) in a way that can lead to jumps to warmer states, or extreme increases in sensitivity. The positive CO 2 dependence has some capacity for self-amplifying if C increases as a function of T (e.g. through the melting of methane hydrates, or the increased release of soil carbon). However, this effect is limited (e.g., there is only so much carbon to be released, and a certain threshold must be reached to release it), while the capacity The qualitative difference in the two effects can be seen by comparing Figure 2 in the paper with Figure S3 . While Figure 2 shows how equilibrium warming (∆T ) changes with feedback temperature dependence (a) for a fixed preindustrial feedback (λ), Figure   S3 shows how equilibrium warming changes with feedback CO 2 dependence (b) for a fixed preindustrial feedback. While CO 2 dependence clearly affects the exact value of warming associated with a given CO 2 increase, it does not cause the same extreme behavior, such as loss of stability, or greatly heightened warming, caused by positive feedback temperature dependence.
Section S3. Estimating a for a GCM
For each GCM, we have a collection of runs where CO 2 was abruptly increased to n×C 0 (where C 0 is the preindustrial CO 2 level) and then allowed to equilibrate. The initial radiative imbalance is the forcing (F n× = N (T 0 , nC 0 )) which we pair with the resulting warming, ∆T n× . We assume that there is no CO 2 -dependent feedback; the previous section discusses the impact of this assumption. Assuming no CO 2 -dependent feedback is the same as assuming that lines of N are parallel as we change C, so that N (T,
∆T n× , C 0 ). If we have m different runs, this gives us m + 1 points on the curve N (T, C 0 ), including N (T 0 , C 0 ) = 0. We can then fit a curve of the form N = λT + aT 2 to these points. The resulting values are plotted in Figure 2 and listed in the first numerical column of Table S1 . 
